hapter 12 Page 639

http://acr.keypress.com/KeyPressPortalV3.0/ImportingCourses/DG4E/...

CHAPTER

12

Trigonometry

OBJECTIVES
In this chapter you will
I wish I’d learn to draw a little
better! What exertion and
determination it takes to try and do it
well....It is really just a question of carrying
on doggedly, with continuous and, if possible,
pitiless self-criticism.
M. C. ESCHER
Belvedere, M. C. Escher, 1958
©2002 Cordon Art B. V.–Baarn–Holland.
All rights reserved.
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learn about the branch of
mathematics called
trigonometry
define three important
ratios between the sides of
a right triangle
use trigonometry to solve
problems involving right
triangles
discover how trigonometry
extends beyond right
triangles
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Trigonometric Ratios

L E S S O N

12.1

Trigonometry is the study of the

relationships between the sides and
the angles of triangles. In this lesson
you will discover some of these
relationships for right triangles.

Research is what I am
doing when I don’t know

Astronomy

what I’m doing.
WERNHER VON BRAUN

Trigonometry has origins in astronomy.
The Greek astronomer Claudius Ptolemy
(100–170 C.E.) used tables of chord ratios in
his book known as Almagest. These chord
ratios and their related angles were used to
describe the motion of planets in what were
thought to be circular orbits. This woodcut
shows Ptolemy using astronomy tools.

When studying right triangles, early mathematicians discovered that whenever the
ratio of the shorter leg’s length to the longer leg’s length was close to a specific
fraction, the angle opposite the shorter leg was close to a specific measure. They
found this (and its converse) to be true for all similar right triangles. For example,
in every right triangle in which the ratio of the shorter leg’s length to the longer
leg’s length is , the angle opposite the shorter leg is almost exactly 31°.

What early mathematicians discovered is supported by what you know about
similar triangles. If two right triangles each have an acute angle of the same
measure, then the triangles are similar by the AA Similarity Conjecture. And if the
triangles are similar, then corresponding sides are proportional. For example, in the
similar right triangles shown below, these proportions are true:

This side is called
the opposite leg
because it is across
from the 20° angle.
This side is called the adjacent leg
because it is next to the 20° angle.
The ratio of the length of the opposite leg to the length of the adjacent leg in a
right triangle came to be called the tangent of the angle.
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In Chapter 11, you used mirrors and shadows to measure heights indirectly.
Trigonometry gives you another indirect measuring method.

EXAMPLE A

Solution

At a distance of 36 meters from a tree, the angle from the ground to the top of
the tree is 31°. Find the height of the tree.

As you saw in the right triangles on page 640, the ratio of the length of the side
opposite a 31° angle divided by the length of the side adjacent to a 31° angle is
approximately , or 0.6. You can set up a proportion using this tangent ratio.
tan 31°

The definition of tangent.

0.6

The tangent of 31° is approximately 0.6.

0.6

Substitute 36 for HA.

HT

36 · 0.6

Multiply both sides by 36 and reduce the left side.

HT

22

Multiply.

The height of the tree is approximately 22 meters.
In order to solve problems like Example A, early
mathematicians made tables that related ratios of side
lengths to angle measures. They named six possible
ratios. You will work with three.
Sine, abbreviated sin, is the ratio of the length of the
opposite leg to the length of the hypotenuse.
Cosine, abbreviated cos, is the ratio of the length of the
adjacent leg to the length of the hypotenuse.
Tangent, abbreviated tan, is the ratio of the length of the
opposite leg to the length of the adjacent leg.
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Trigonometric Ratios

For any acute angle A in a right triangle:

In ABC above:

sine of

sin A

A

cosine of

A

cos A

tangent of

A

tan A

Trigonometric Tables
a protractor
a ruler
a calculator

In this investigation you will make a small table of trigonometric ratios for angles
measuring 20° and 70°.
Step 1
Step 2

Use your protractor to make a large right triangle ABC with m A = 20°,
m B = 90°, and m C = 70°.
Measure AB, AC, and BC to the nearest millimeter.

Step 3

Use your side lengths and the definitions of sine, cosine, and tangent to complete
a table like this. Round your calculations to the nearest thousandth.

Step 4

Share your results with your group. Calculate the average of each ratio within
your group. Create a new table with your group’s average values.

Step 5

Discuss your results. What observations can you make about the trigonometric
ratios you found? What is the relationship between the values for 20° and the
values for 70°? Explain why you think these relationships exist.
Go to
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to find complete tables of trigonometric ratios.
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Today, trigonometric tables have been replaced by
calculators that have sin, cos, and tan keys.
Step 6

Experiment with your calculator to determine
how to find the sine, cosine, and tangent values
of angles.

Step 7

Use your calculator to find sin 20°, cos 20°,
tan 20°, sin 70°, cos 70°, and tan 70°. Check
your group’s table. How do the trigonometric
ratios found by measuring sides compare
with the trigonometric ratios you
found on the calculator?

Using a table of trigonometric ratios, or using a calculator, you can find the
approximate lengths of the sides of a right triangle given the measures of any acute
angle and any side.

EXAMPLE B

Find the length of the hypotenuse of a right triangle if an acute angle measures
20° and the leg opposite the angle measures 410 feet.

Solution

Sketch a diagram. The trigonometric ratio that relates the lengths of the opposite
leg and the hypotenuse is the sine ratio.
sin 20°

Substitute 20° for the measure of A and substitute
410 for the length of the opposite side. The length
of the hypotenuse is unknown, so use x.

x · sin 20° = 410
x

Multiply both sides by x and reduce the right side.
Divide both sides by sin 20°and reduce the left side.

From your table in the investigation, or from a calculator, you know that sin 20°
is approximately 0.342.
x
x

Sin 20° is approximately 0.342.

1199

Divide.

The length of the hypotenuse is approximately 1199 feet.
© 2008 Key Curriculum Press
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With the help of a calculator, it is also possible to determine the size of either acute
angle in a right triangle if you know the length of any two sides of that triangle.
For instance, if you know the ratio of the legs in a right triangle, you can find the
measure of one acute angle by using the inverse tangent, or tan 1, function. Let’s
look at an example.
The inverse tangent of x is defined as the measure of the acute angle whose tangent
is x. The tangent function and inverse tangent function undo each other. That is,
tan 1(tan A) = A and tan(tan 1 x) = x.

EXAMPLE C

A right triangle has legs of length 8 inches and 15 inches. Find the measure of
the angle opposite the 8-inch leg.

Solution

Sketch a diagram. In this sketch the angle opposite the 8-inch leg is A .
The trigonometric ratio that relates the lengths of the opposite leg and the
adjacent leg is the tangent ratio.
tan A

Substitute 8 for the length of the opposite leg
and substitute 15 for the length of the adjacent leg.

tan 1 (tan A)

Take the inverse tangent of both sides.

A
To find the angle that has a
specific tangent value, use
the tan 1 feature on your
calculator.

A

The tangent function and inverse tangent function
undo each other.

28

Use your calculator to evaluate

The measure of the angle opposite the 8-inch leg is approximately 28°.
You can also use inverse sine, or sin 1, and inverse cosine, or cos 1, to find angle
measures.

EXERCISES

You will need

For Exercises 1–3, use a calculator to find each trigonometric ratio
accurate to the nearest ten thousandth.
1. sin 37°

2. cos 29°

3. tan 8°

For Exercises 4–6, solve for x. Express each answer accurate to the nearest hundredth of
a unit.
4. sin 40°
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6. tan 29°
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For Exercises 7–9, find each trigonometric ratio.
7. sin A
cos A
tan A

8. sin
cos
tan

9. sin A
cos A
tan A

sin B
cos B
tan B

For Exercises 10–13, find the measure of each angle accurate to the nearest degree.
10. sin A = 0.5

11. cos B = 0.6

12. tan C = 0.5773

13. tan x =

For Exercises 14–20, find the values of a–g accurate to the nearest whole unit.
14.

15.

16.

17.

18.

19.

20.

21. Find the perimeter of
this quadrilateral.

22. Find x.
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Review
For Exercises 23 and 24, solve for x.
23.

24.

25. Application Which is the better buy—a pizza with a 16-inch diameter for $12.50
or a pizza with a 20-inch diameter for $20.00?
26. Application Which is the better buy—ice cream in a cylindrical container with a
base diameter of 6 inches and a height of 8 inches for $3.98 or ice cream in a box
(square prism) with a base edge of 6 inches and a height of 8 inches for $4.98?
27. A diameter of a circle is cut at right angles by a chord into a 12 cm segment and
a 4 cm segment. How long is the chord?
28. Find the volume and surface area of this sphere.

3-by-3 Inductive Reasoning Puzzle II
Sketch the figure missing in the
lower right corner of this pattern.
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L E S S O N

12.2

Problem Solving with
Right Triangles
Right triangle trigonometry is often used indirectly to find the height of

What science can there

a tall
object. To solve a problem of this type, measure the angle from the horizontal to
your line of sight when you look at the top or bottom of the object.

be more noble, more
excellent, more useful...
than mathematics?
BENJAMIN FRANKLIN

If you look up, you measure the angle of elevation. If you look down, you measure
the angle of depression.

EXAMPLE

The angle of elevation from a sailboat to the top of a 121-foot lighthouse on the
shore measures 16°. How far is the sailboat from the lighthouse?

121 ft
16°

d

Solution

Distance means the shortest distance, which is the horizontal distance. The
height of the lighthouse is opposite the 16° angle. The unknown distance is the
adjacent side. Set up a tangent ratio.
tan 16°
d(tan 16°)
d
d

422

The sailboat is approximately 422 feet from the lighthouse.
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EXERCISES

You will need

For Exercises 1–9, find each length or angle measure accurate to the nearest
whole unit.
1. a

2. x

3. r

4. e

5. d1

6. f

7.

8.

9. h

10. According to a Chinese legend from the Han dynasty (206 B.C.E.–220 C.E.), General
Han Xin flew a kite over the palace of his enemy to determine the distance between
his troops and the palace. If the general let out 800 meters of string and the kite was
flying at a 35° angle of elevation, how far away was the palace from General Han
Xin’s position?
11. Benny is flying a kite directly over his friend Frank, who is 125 meters away. When
he holds the kite string down to the ground, the string makes a 39° angle with the
level ground. How high is Benny’s kite?
12. Application The angle of elevation from a ship
to the top of a 42-meter lighthouse on the
shore measures 33°. How far is the ship from
the lighthouse? (Assume the horizontal line of
sight meets the bottom of the lighthouse.)
13. Application A salvage ship’s sonar locates
wreckage at a 12° angle of depression. A diver
is lowered 40 meters to the ocean floor. How
far does the diver need to walk along the
ocean floor to the wreckage?
648
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14. Application A ship’s officer sees a lighthouse at a 42° angle to the path of the ship.
After the ship travels 1800 m, the lighthouse is at a 90° angle to the ship’s path. What
is the distance between the ship and the lighthouse at this second sighting?

15. Application A meteorologist shines a spotlight
vertically onto the bottom of a cloud formation. He
then places an angle-measuring device 165 meters from
the spotlight and measures an 84°angle of elevation
from the ground to the spot of light on the clouds.
How high are the clouds?
16. Application Meteorologist Wendy Stevens uses a
theodolite (an angle-measuring device) on a 1-metertall tripod to find the height of a weather balloon. She
views the balloon at a 44° angle of elevation. A radio
signal from the balloon tells her that it is 1400 meters
from her theodolite.
a. How high is the balloon?
b. How far is she from the point directly below
the balloon?
c. If Wendy’s theodolite were on the ground rather
than on a tripod, would your answers change?
Explain your reasoning.
Science
Weather balloons carry into the atmosphere a radiosonde, an instrument
with sensors that detect information about wind direction, temperature,
air pressure, and humidity. Twice a day across the world, this upper-air
data is transmitted by radio waves to a receiving station. Meteorologists
use the information to forecast the weather.
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Review
For Exercises 17–19, find the measure of each angle to the nearest degree.
17. sin D = 0.7071

18. tan E = 1.7321

19. cos F = 0.5

Technology
The earliest known navigation tool was used by the
Polynesians, yet it didn’t measure angles. Early
Polynesians carried several different-length hooks
made from split bamboo and shells. A navigator held
a hook at arm’s length, positioned the bottom of the
hook on the horizon, and sighted the North Star
through the top of the hook. The length of the hook
indicated the navigator’s approximate latitude. Can you
use trigonometry to explain how this method works?

20. Solve for x.
a. 4.7

21. Find x and y.

b. 8
c. 0.3736
d. 0.9455

22. A 3-by-5-by-6 cm block of wood is dropped into a cylindrical container of water
with radius 5 cm. The level of the water rises 0.8 cm. Does the block sink or float?
Explain how you know.
23. Scalene triangle ABC has altitudes AX , BY, and CZ . If AB > BC > AC, write an
inequality that relates the heights.
24. In the diagram at right, PT and PS are tangent
to circle O at points T and S, respectively. As
point P moves to the right along AB ,describe
what happens to each of these measures or ratios.

650

a. m TPS
c. m ATB

b. OD
d. Area of

e.

f.
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25. Points S and Q, shown at right, are consecutive
vertices of square SQRE. Find coordinates for
the other two vertices, R and E. There are two
possible answers. Try to find both.

LIGHT FOR ALL SEASONS
You have seen that roof design is a practical application of slope—steep roofs shed snow
and rain. But have you thought about the overhang of a roof?

What roof design is common for homes in your area? What factors would an architect
consider in the design of a roof relative to the position, size, and orientation of the
windows? Do some research and build a shoebox model of the roof design you select.
What design is best for your area will depend on your latitude, because that determines
the angle of the sun’s light in different seasons. Research the astronomy of solar angles,
then use trigonometry and a movable light source to illustrate the effects on your model.
Your project should include
Research notes on seasonal solar angles.
A narrative explanation, with mathematical support, for your choice of roof design,
roof overhang, and window placement.
Detailed, labeled drawings showing the range of light admitted from season to season,
at a given time of day.
A model with a movable light source.
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Indirect Measurement
How would you measure the height of your school building?

In Chapter 11, you used shadows, mirrors, and similar triangles
to measure the height of tall objects that you couldn’t measure
directly. Right triangle trigonometry gives you yet another
method of indirect measurement.
In this exploration you will use two or three
different methods of indirect measurement.
Then you will compare your results
from each method.

Using a Clinometer
a measuring tape or
metersticks
a clinometer (use
the Making a
Clinometer worksheet
or make one of your
own design)
a mirror

Step 1

652
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In this activity you will use a
clinometer—a protractor-like tool
used to measure angles. You probably
will want to make your clinometer in
advance, based on one of the designs
below. Practice using it before starting
the activity.

Locate a tall object that would be difficult to measure directly, such as a school
building. Start a table like this one.

Trigonometry
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Step 2

Use your clinometer to measure the viewing angle from the horizontal to the top
of the object.

Step 3

Measure the observer’s eye height. Measure the distance from the observer to the
base of the object.

Step 4

Calculate the approximate height of the object.

Step 5

Use either the shadow method or the mirror method or both to measure the
height of the same object. How do your results compare? If you got different
results, explain what part of each process could contribute to the differences.

Step 6

Repeat Steps 1–5 for another tall object. If you measure the height of the same
object as another group, compare your results when you finish.

Puzzle Shapes
Make five of these shapes and assemble
them to form a square. Does it take
three, four, or five of the shapes to make
a square?

© 2008 Key Curriculum Press
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The Law of Sines

L E S S O N

12.3

So far you have used trigonometry only to solve problems with right triangles. But
you can use trigonometry with any triangle. For example, if you know the measures
of two angles and one side of a triangle, you can find the other two sides with a
trigonometric property called the Law of Sines. The Law of Sines is related to the
area of a triangle. Let’s first see how trigonometry can help you find area.

To think and to be fully
alive are the same.
HANNAH ARENDT

EXAMPLE A
Solution

Find the area of ABC.
Consider AB as the base and use trigonometry to find the height, CD.
sin 40°

In BCD, CD is the length of the opposite side
and 100 is the length of the hypotenuse.

100 · sin 40° = CD

Multiply both sides by 100 and reduce the right side.

Now find the area.
A = 0.5bh

Area formula for a triangle.

A = 0.5(AB)(CD)

Substitute AB for the length of the base and CD
for the height.

A = 0.5(150)(100 · sin 40°)

Substitute 150 for AB and substitute the expression
(100 · sin 40°) for CD.

A

Evaluate.

4821

The area is approximately 4821 m2.
In the next investigation, you will find a general formula for the area of a triangle
given the lengths of two sides and the measure of the included angle.

Area of a Triangle
Step 1

Find the area of each triangle. Use Example A as a guide.
a.

654
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b.

c.
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Step 2

Generalize Step 1 to find the area of
this triangle in terms of a, b, and C.
State your general formula as your
next conjecture.

SAS Triangle Area Conjecture
The area of a triangle is given by the formula A = , where a and b are the
lengths of two sides and C is the angle between them.

Now use what you’ve learned about finding the area of a triangle to derive the
property called the Law of Sines.

The Law of Sines
Consider

ABC with height h.

Step 1

Find h in terms of a and the sine
of an angle.

Step 2

Find h in terms of b and the sine
of an angle.

Step 3

Use algebra to show

Now consider the same

ABC using a different height, k.

Step 4

Find k in terms of c and the sine
of an angle.

Step 5

Find k in terms of b and the sine
of an angle.

Step 6

Use algebra to show

Step 7

Combine Steps 3 and 6. Complete this conjecture.
Law of Sines
For a triangle with angles A, B, and C and sides of lengths a, b, and c
(a opposite A, b opposite B, and c opposite C ),

© 2008 Key Curriculum Press
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Did you notice that you used deductive reasoning rather than inductive reasoning
to discover the Law of Sines?
You can use the Law of Sines to find the lengths of a triangle’s sides when you
know one side’s length and two angles’ measures.

EXAMPLE B

Solution

Find the length of side AC
in ABC.

Start with the Law of Sines,
and solve for b.
The Law of Sines.

b sin A = a sin B

Multiply both sides by ab and reduce.

b

Divide both sides by sin A and reduce the left side.

b

Substitute 350 for a, 38° for B, and 59° for A.

b

251

Multiply and divide.

The length of side AC is approximately 251 cm.
You can also use the Law of Sines to find the measure of a missing angle, but
only if you know whether the angle is acute or obtuse. Recall from Chapter 4 that
SSA failed as a congruence shortcut. For example, if you know in ABC that
BC = 160 cm, AC = 260 cm, and m A = 36°, you would not be able to find
m B. There are two possible measures for B, one acute and one obtuse.

Because you’ve defined trigonometric ratios only for acute angles, you’ll be asked to
find only acute angle measures.

EXAMPLE C

656
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Find the measure of angle B in
ABC.

Trigonometry
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Solution

Start with the Law of Sines, and solve for B.
The Law of Sines.

sin B

Solve for sin B.

sin B

Substitute known values.

B
B

Take the inverse sine of both sides.

34

Use your calculator to evaluate.

The measure of

B is approximately 34°.

EXERCISES

You will need

In Exercises 1–4, find the area of each polygon to the nearest square
centimeter.
1.

2.

3.

4.

In Exercises 5–7, find each length to the nearest centimeter.
5. w

© 2008 Key Curriculum Press
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7. y
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For Exercises 8–10, each triangle is an acute triangle. Find each angle measure to the
nearest degree.
8. m A

9. m B

10. m C

11. Alphonse (point A) is over a 2500-meter landing strip in a hot-air balloon.
At one end of the strip, Beatrice (point B) sees Alphonse with an angle
of elevation measuring 39°. At the other end of the strip, Collette
(point C) sees Alphonse with an angle of elevation measuring 62°.
a. What is the distance between Alphonse and Beatrice?
b. What is the distance between Alphonse and Collette?
c. How high up is Alphonse?

History
For over 200 years, people believed that the entire
site of James Fort was washed into the James River.
Archaeologists have recently uncovered over 250 feet
of the fort’s wall, as well as hundreds of thousands
of artifacts dating to the early 1600s.

12. Application Archaeologists have recently
started uncovering remains of James Fort
(also known as Jamestown Fort) in
Virginia. The fort was in the shape of an
isosceles triangle. Unfortunately, one
corner has disappeared into the James
River. If the remaining complete wall
measures 300 feet and the remaining
corners measure 46.5°and 87°, how long
were the two incomplete walls? What was
the approximate area of the original fort?
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13. A tree grows vertically on a hillside. The hill is at a 16° angle
to the horizontal. The tree casts an 18-meter shadow up the
hill when the angle of elevation of the sun measures 68°.
How tall is the tree?

Review
14. Read the History Connection below. Each step of El Castillo is 30 cm deep by 26 cm
high. How tall is the pyramid, not counting the platform at the top? What is the angle
of ascent?
History
One of the most impressive Mayan pyramids is
El Castillo in Chichén Itzá, Mexico. Built in
approximately 800 C.E., it has 91 steps on each of
its four sides, or 364 steps in all. The top platform
adds a level, so the pyramid has 365 levels to
represent the number of days in the Mayan year.

15. According to legend, Galileo (1564–1642, Italy) used the
Leaning Tower of Pisa to conduct his experiments in
gravity. Assume that when he dropped objects from the
top of the 55-meter tower (this is the measured length, not
the height, of the tower), they landed 4.8 meters from the
tower’s base. What was the angle that the tower was leaning
from the vertical?
16. Find the volume of this cone.

© 2008 Key Curriculum Press

LESSON 12.3 The Law of Sines

659

esson

http://acr.keypress.com/KeyPressPortalV3.0/Viewer/Lesson.htm

17. Use the circle diagram at right and write a paragraph proof to
show that ABE is isosceles.
18. Construction Put two points on patty paper. Assume these points
are opposite vertices of a square. Find the two missing vertices.

19. Find AC, AE, and AF. All
measurements are in centimeters.

20. Both boxes are right rectangular prisms.
In which is the diagonal rod longer? How
much longer is it?

Rope Tricks
Each rope will be cut 50 times as shown. For each rope, how many pieces will result?
1.

660
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L E S S O N

12.4

A ship in a port is safe,
but that is not what
ships are built for.
JOHN A. SHEDD

keymath.com/DG

The Law of Cosines
You’ve solved a variety of problems with the Pythagorean Theorem. It is perhaps
your most important geometry conjecture. In Chapter 9, you found that the
distance formula is really just the Pythagorean Theorem. You even used the
Pythagorean Theorem to derive the equation of a circle.

The Pythagorean Theorem is very powerful, but its use is still limited to right
triangles. Recall from Chapter 9 that the Pythagorean Theorem does not work for
acute triangles or obtuse triangles. You might ask, “What happens to the
Pythagorean equation for acute triangles or obtuse triangles?”

For an interactive version of this sketch, see the Dynamic Geometry Exploration
The Law of Cosines at www.keymath.com/DG .

If the legs of a right triangle are brought closer together so that the right angle
becomes an acute angle, you’ll find that c2 < a2 + b2. In order to make this
inequality into an equality, you would have to subtract something from a2 + b2.
c2 = a2 + b2

something

If the legs are widened to form an obtuse angle, you’ll find that c2 > a2 + b2.
Here, you’d have to add something to make an equality.
c2 = a2 + b2 + something
Mathematicians found that the “something” was 2ab cos C. The Pythagorean
Theorem generalizes to all triangles with a property called the Law of Cosines.
Law of Cosines
For any triangle with sides of lengths a, b,and c,and with C the angle
opposite the side with length c,
c 2 = a2 + b2

2ab cos C

For obtuse angles, the expression 2ab cos C is negative, so subtracting it adds a
positive quantity. Trigonometric ratios for angles larger than 90° are introduced in
the Exploration Trigonometric Ratios and the Unit Circle.
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To derive the Law of Cosines for an acute
triangle, consider acute ABC with
altitude AD , as shown at right. You can
define the lengths of the sides opposite
angles A, B,and C as a, b,and c,
respectively, the height as h, and the
length of CD as x. The length of BD is
the difference between the lengths of BC
and CD ,or a x.
Using the Pythagorean Theorem, you can write two equations. By algebra, you can
expand (a x)2.
x2 + h2 = b2

(a
a2

x)2 + h2 = c2

2ax + x2 + h2 = c2

Notice that this new equation contains x2 + h2, which you know is equal to b2 from
the first equation. Substitute, rearrange the terms, and reverse the equation.
a2

2ax + b2 = c2

a2 + b2

2ax = c2
c2 = a2 + b2

2ax

Now you need to replace x with an expression containing the cosine of C. Using
ACD, you can write the following equation and then solve for x.
cos C
b cos C = x
Substituting this expression for x into the equation above results in the Law
of Cosines.
c2 = a2 + b2

2abcos C

While this derivation of the Law of Cosines is for an acute triangle, it also works
for obtuse triangles. Deriving the Law of Cosines for an obtuse triangle is left as a
Take Another Look activity.
You can use the Law of Cosines when you are given three side lengths or two side
lengths and the angle measure between them (SSS or SAS).

EXAMPLE A

Solution

Find the length of side CT in triangle CRT.

To find r, use the Law of Cosines:
c2 = a2 + b2
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The Law of Cosines.
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Using the variables in this problem, the Law of Cosines becomes
r 2 = c2 + t 2

Substitute r for c, c for a, t for b,and R for C .

2ct cos R

r2 = 452 + 522 2(45)(52)(cos 36°)
r
r

Substitute 45 for c,52 for t,and 36° for R .
Take the positive square root of both sides.

31

Evaluate.

The length of side CT is about 31 cm.

EXAMPLE B

Solution

Find the measure of

Q in triangle QED.

Use the Law of Cosines and solve for Q.
q2 = e2 + d2

The Law of Cosines with respect to

2ed cos Q

cos Q

Solve for cos Q.

cos Q

Substitute known values.

Q
Q

Q.

Take the inverse cosine of both sides.

76

The measure of

Evaluate.

Q is about 76°.
You will need

EXERCISES
In Exercises 1–3, find each length to the nearest centimeter.
1. w

© 2008 Key Curriculum Press
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In Exercises 4–6, each triangle is an acute triangle. Find each angle measure to the
nearest degree.
4. m A

5. m B

6. m C

7. Two 24-centimeter radii of a circle form a central angle measuring 126°. What is the
length of the chord connecting the two radii?
8. Find the measure of the smallest angle in a triangle whose side lengths are 4 m, 7 m,
and 8 m.
9. Two sides of a parallelogram measure 15 cm and 20 cm, and one of the diagonals
measures 19 cm. What are the measures of the angles of the parallelogram to the
nearest degree?
10. Application Captain Malloy is flying a
passenger jet. He is heading east at 720 km/h
when he sees an electrical storm straight
ahead. He turns the jet 20° to the north to
avoid the storm and continues in this direction
for 1 h. Then he makes a second turn, back
toward his original flight path. Eighty minutes
after his second turn, he makes a third turn
and is back on course. By avoiding the storm,
how much time did Captain Malloy lose from
his original flight plan?

Review
11. Application A cargo company loads truck
trailers into ship cargo containers. The trucks
drive up a ramp to a horizontal loading
platform 30 ft off the ground, but they have
difficulty driving up a ramp at an angle
steeper than 20°. What is the minimum length
that the ramp needs to be?
12. Application Dakota Davis uncovers the remains
of a square-based Egyptian pyramid. The base
is intact and measures 130 meters on each side. The top of the pyramid has
eroded away, but what remains of each face of the pyramid forms a 65° angle
with the ground. What was the original height of the pyramid?
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13. Application A lighthouse 55 meters above sea level spots a distress signal from a
sailboat. The angle of depression to the sailboat measures 21°. How far away is the
sailboat from the base of the lighthouse?
14. Application A painting company has a general safety rule to place ladders at an angle
measuring between 55° and 75° from the level ground. Regina places the foot of her
25 ft ladder 6 ft from the base of a wall. What is the angle of the ladder? Is the ladder
placed safely? If not, how far from the base of the wall should she place the ladder?
15. Show that

tan A.

16. TRAP is an isosceles trapezoid.
a. Find PR in terms of x.
b. Write a paragraph proof to show that
m TPR = 90°.
17. As P moves to the right on line
happens to
a. m ABP
b. m PAB
c. m APB

1

, describe what

18. Which of these figures, the cone or the square
pyramid, has the greater
a. Base perimeter?
b. Volume?
c. Surface area?

19. What single transformation is equivalent to the composition of each pair of
functions? Write a rule for each.
a. A reflection over the line x = 2 followed by a reflection over the line x = 3
b. A reflection over the x-axis followed by a reflection over the y-axis
20. Construction Construct two rectangles that are not similar.
21. Construction Construct two isosceles trapezoids that are similar.
22. Technology Use geometry software to construct two
circles. Connect the circles with a segment and
construct the midpoint of the segment. Animate
the endpoints of the segment around the circles
and trace the midpoint of the segment. What shape
does the midpoint of the segment trace? Try
adjusting the relative size of the radii of the circles;
try changing the distance between the centers of
the circles; try starting the endpoints of the
segment in different positions; or try animating the
endpoints of the segment in different directions. Describe how these changes affect
the shape traced by the midpoint of the segment.
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JAPANESE TEMPLE TABLETS
For centuries it has been customary in Japan to hang colorful wooden tablets in Shinto

shrines to honor the gods of this native religion. During Japan’s historical period of
isolation (1639–1854), this tradition continued with a mathematical twist. Merchants,
farmers, and others who were dedicated to mathematical learning made tablets
containing mathematical problems,called sangaku, to inspire and challenge visitors.
See if you can answer this sangaku problem.
These circles are tangent to each other and to the line.
How are the radii of the three circles related?
Research other sangaku problems, then design your own
tablet. Your project should include
Your solution to the problem above.
Some problems you found during your research and your sources.
Your own decorated sangaku tablet with its solution on the back.
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L E S S O N

12.5

Problem Solving
with Trigonometry
There are many practical applications of trigonometry. Some of them involve

One ship drives east and
another drives west

vectors. In earlier vector activities, you used a ruler or a protractor to measure the
size of the resulting vector or the angle between vectors. Now you will be able to
calculate the resulting vectors with the Law of Sines or the Law of Cosines.

With the self-same winds
that blow,
‘Tis the set of the sails and
not the gales
Which tells us the way to go.
ELLA WHEELER WILCOX

EXAMPLE

Solution

Rowing instructor Calista Thomas is in a stream flowing north to south at
3 km/h. She is rowing northeast at a rate of 4.5 km/h. At what speed is she
moving? In which direction (bearing) is she actually moving?
First, sketch and label the vector parallelogram.
The resultant vector, r, divides the parallelogram
into two congruent triangles. In each triangle you
know the lengths of two sides and the measure of
the included angle. Use the Law of Cosines to find
the length of the resultant vector or the speed
that it represents.
r2 = 4.52 + 32 2(4.5)(3)(cos 45°)
r2 = 4.52 + 32 2(4.5)(3)(cos 45°)
r

3.2

Calista is moving at a speed of approximately 3.2km/h.
To find Calista’s bearing (an angle measured clockwise from north), you need to
find , and add its measure to 45°. Use the Law of Sines.

Add 42° and 45° to find that Calista is moving at a bearing of 87°.
© 2008 Key Curriculum Press
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EXERCISES

You will need

1. Application The steps to the front entrance of a public building rise a
total of 1 m. A portion of the steps will be replaced by a wheelchair
ramp. By a city ordinance, the angle of inclination for a ramp cannot
measure greater than 4.5°. What is the minimum distance from the
entrance that the ramp must begin?
2. Application Giovanni is flying his Cessna airplane on a
heading as shown. His instrument panel shows an air speed
of 130 mi/h. (Air speed is the speed in still air without wind.)
However, there is a 20 mi/h crosswind. What is the resulting
speed of the plane?
3. Application A lighthouse is east of a Coast Guard patrol
boat. The Coast Guard station is 20 km north of the
lighthouse. The radar officer aboard the boat measures the
angle between the lighthouse and the station to be 23°. How
far is the boat from the station?
4. Application The Archimedean screw is a water-raising device that consists of a
wooden screw enclosed within a cylinder. When the cylinder is turned, the screw
raises water. The screw is very
efficient at an angle measuring 25°.
If a screw needs to raise water
2.5 meters, how long should its
cylinder be?
Technology
Used for centuries in Egypt to lift water from the
Nile River, the Archimedean screw is thought to have been invented by
Archimedes in the third century B.C.E., when he sailed to Egypt. It is also called
an Archimedes Snail because of its spiral channels that resemble a snail shell.
Once powered by people or animals, the device is now modernized to shift
grain in mills and powders in factories.

5. Application Annie and Sashi
are backpacking in the Sierra
Nevada. They walk 8 km from their
base camp at a bearing of 42°. After
lunch, they change direction to a
bearing of 137° and walk another
5 km.
a. How far are Annie and Sashi
from their base camp?
b. At what bearing must Sashi and
Annie travel to return to their
base camp?
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6. A surveyor at point A needs to calculate the distance to an island’s
dock, point C. He walks 150 meters up the shoreline to point B
AC . Angle ABC measures 58°. What is the distance
such that AB
between A and C ?
7. During a strong wind, the top of a tree cracks and bends over,
touching the ground as if the trunk were hinged. The tip of the
tree touches the ground 20 feet 6 inches from the base of the
tree and forms a 38° angle with the ground. What was the tree’s
original height?
8. Application A pocket of matrix opal is known
to be 24 meters beneath point A on Alan Ranch.
A mining company has acquired rights to mine
beneath Alan Ranch, but not the right to bring
equipment onto the property. So the mining
company cannot dig straight down. Brian Ranch has
given permission to dig on its property at point B,
8 meters from point A. At what angle to the level
ground must the mining crew dig to reach the opal?
What distance must they dig?
9. Todd’s friend Olivia is flying her plane at an
elevation of 6.3 km. From the ground, Todd
sees the plane moving directly toward him
from the west at a 49° angle of elevation.
Three minutes later he turns and sees the
plane moving away from him to the east at
a 65° angle of elevation. How fast is Olivia
flying in kilometers per hour?
10. Draw a regular decagon with side length
6 cm. Divide the decagon into ten congruent
isosceles triangles.
a. Find the length of the apothem, and then
use the Regular Polygon Area Conjecture to find the area of the decagon.
b. Find the lengths of the legs of the isosceles triangles, and then use the SAS
Triangle Area Conjecture to find the area of each isosceles triangle. Multiply to
find the area of the decagon.
c. Compare your answers from parts a and b.
11. Find the volume of this right regular pentagonal prism.
12. A formula for the area of a regular polygon is A
where n is the number of sides, s is the length of a side,
Explain why this formula is correct.
and
13. A water pipe for a farm’s irrigation system must go through a small
hill. Farmer Golden attaches a 14.5-meter rope to the pipe’s entry point
and an 11.2-meter rope to the exit point. When he pulls the ropes taut, their ends
meet at a 58° angle. What is the length of pipe needed to go through the hill?
At what angle with respect to the first rope should the pipe be laid so that it comes
out of the hill at the correct exit point?
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Review
14. Find the volume of the largest cube that can fit into a sphere with a radius of 12 cm.
15. How does the area of a triangle change if its vertices are transformed by the rule
Give an example to support your answer.
16. Developing Proof What’s wrong with
this picture?

17. As P moves to the right on line
what happens to
a. PA
b. Area of APB

1

, describe

18. What single transformation is equivalent to the composition of each pair of
functions? Write a rule for each.
a. A reflection across the line y = x followed by a counterclockwise 270° rotation
about the origin
b. A rotation 180° about the origin followed by a reflection across the x-axis
19. Technology Tile floors are often designed by creating simple, symmetric patterns
on squares. When the squares are lined up, the patterns combine, often leaving
the original squares hardly visible. Use geometry software to create your own
tile-floor pattern.

Substitute and Solve
1. If 2x = 3y, y = 5w, and w
2. If 7x = 13y, y = 28w, and w
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find x in terms of z.
find x in terms of z.
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Trigonometric Ratios
and the Unit Circle
In Lesson 12.1, trigonometric ratios

are defined in terms of the sides of a
right triangle, which limits you to
acute angles. In the coordinate plane,
it’s possible to define trigonometric
ratios for angles with measures less
than 0° and greater than 90° by using
the unit circle—a circle with center
(0, 0) and radius 1 unit.
In this activity, you’ll first use
Sketchpad to explore how a unit
circle simplifies the trigonometric
ratios for acute angles. Then you’ll
use the unit circle to explore the
ratios for all angles, from 0° to 360°,
and even negative angle measures.

The Unit Circle
Unit Circle Construction
1. Choose Preferences from the Edit menu.
On the Units panel, set Angle Units to
degrees and Distance Units to inches.
2. Choose Define Coordinate System
from the Graph menu. Label the points
at the origin and (1, 0) as A and B,
respectively. Hide the grid.
3. Construct a circle with centerA and radius
pointB.
4. Construct pointC on the circle and move it to
the first quadrant. Construct radiusAC.
5. Construct a line perpendicular to the x-axis
through pointC.
6. Construct point D where the line from the
previous stepintersects thex-axis, and
then hide the line. Construct CD.
7. Select points A, D, andC and construct
the triangle interior.
© 2008 Key Curriculum Press

EXPLORATION Trigonometric Ratios and the Unit Circle

671

esson

http://acr.keypress.com/KeyPressPortalV3.0/Viewer/Lesson.htm

Step 1

Follow the Procedure Note on the previous page to construct a unit circle with
right triangle ADC.

Step 2

Using the text tool, write ratios for the sine, cosine, and tangent of
terms of the sides of right triangle ADC.

Step 3

The length of AC in this unit circle should be 1 in. If it is not, adjust your axes.
Use this length to simplify your trigonometric definitions in Step 2.

Step 4

Measure the x-coordinate (abscissa) and y-coordinate (ordinate) of point C.
Which coordinate corresponds to the sine of DAC ? Which coordinate
corresponds to the cosine of DAC ? What parts of your sketch physically
represent the sine of DAC and the cosine of DAC ?

Step 5

Use Sketchpad’s calculator to find the ratio of
the y-coordinate to the x-coordinate. Why
does this ratio equal the tangent of DAC?

Step 6

Construct one line through points A
and C and another line perpendicular
to the x-axis through point B. Construct
point E where these two lines intersect.
Hide AC and construct AE .

Step 7

Measure the coordinates of point E.
Which coordinate corresponds to the
tangent of DAC ? What part of your sketch
physically represents the tangent of DAC ? Use
similar triangles ADC and ABE to explain your
answers.

DAC in

If you drag point C into another quadrant, DAC is still an acute angle. In order to
modify the definition of trigonometric ratios in a unit circle, you need to measure
the amount of rotation from AB to AC . You will do this by measuring the arc from
point B to point C, which is equal to the measure of the central angle, BAC.
Step 8

Select in order point B, point C, and the circle, and construct BC. While it is still
selected, make the arc thick and measure the arc angle.

Step 9

Drag point Caround the circle and watch how the measure of BC changes.
Summarize your observations.

Step 10

Use Sketchpad’s calculator to calculate the value of the sine, cosine, and tangent
of the measure of BC . Compare these values to the coordinates of point C and
point E. Do the values support your answers to Steps 4 and 7?

Step 11

Drag point C around the circle and watch how the trigonometric ratios change
for angle measures between 0° and 360°. Answer these questions.
a. How does the sine change as the measure of the arc angle (and therefore the
angle of rotation) goes from 0° to 90° to 180°? From 180° to 270° to 360°?
b. How does the cosine change?
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c. If the sine of one angle is equal to the cosine of another angle, how are the
angles related to each other?
d. How does the tangent change? What happens to the tangent as the measure
approaches 90° or 270°? Based on the definition of tangent and the side
lengths in ADC, what do you think is the value of the tangent of 90°?

You can add an interesting animation that will graph the changing sine and tangent
values in your sketch. You can construct points that will trace curves that represent
the functions y = sin(x) and y = tan(x).

Animation of Sine and Tangent Curves
1. In your unit circle sketch from Step 12, move pointC
into the first quadrant.
2. Construct pointF on the x-axis. Construct AF.
3. Construct point G on AF.
4. Construct a line perpendicular to AF through pointG.
5. Construct lines parallel to the x-axis through pointsC
andE.
6. Construct a point where the horizontal line throughC
intersects the vertical line throughG and label itSin.
7. Construct a point where the horizontal line throughE
intersects the vertical line throughG and label itTan.
8. Select pointsG andC. In the Edit menu, choose
Animation from the Action Buttons submenu. On
the Animate panel, change the settings to Animate
pointG forward at medium speed and pointC
counterclockwise at medium speed.

Step 12

Follow the Procedure Note to add an animation that will trace curves
representing the sine and tangent functions.

Step 13

Measure the coordinates of point F, then locate it as close to (6.28, 0) as possible.
Select points Sin and Tan and choose Trace Intersections from the Display
menu. Move point G to the origin and move point C to (1, 0). Choose Erase
Traces from the Display menu to clear the screen. Then press the Animate Points
button to trace the sine and tangent functions.

Step 14

What’s special about 6.28 as the x-coordinate of point F ? Try other locations for
point F to see what happens. Use what you know about circles to explain why
6.28 is a special value for the unit circle.

© 2008 Key Curriculum Press

EXPLORATION Trigonometric Ratios and the Unit Circle

673

esson

http://acr.keypress.com/KeyPressPortalV3.0/Viewer/Lesson.htm

/HTML>
Step 15

To explore negative angle measures, choose Preferences from the Edit menu. On
the Units panel, set Angle Units to directed degrees. Select in order point B,
point A, and point C, and measure BAC. Drag point C around the circle and
watch how the measure of BAC changes. How is it related to the measure of BC ?

Step 16

Go back to the Units panel and set Angle Units to radians. Observe how the
radian measure of BAC is related to the position of point C and the traced
functions. You will probably learn much more about radians and unit-circle
trigonometry in a future mathematics course.

TRIGONOMETRIC FUNCTIONS
You’ve seen many applications where you can use

trigonometry to find distances or angle measures.
Another important application of trigonometry is to
model periodic phenomena, which repeat over time.
In this project you’ll discover characteristics of the
graphs of trigonometric functions, including their
periodic nature. The three functions you’ll look at are
y = sin(x)
y = cos(x)
y = tan(x)
These functions are defined not only for acute angles,
but also for angles with measures less than 0° and
greater than 90°.

Set your calculator in degree mode and set a window with an x-range of 360 to 360
and a y-range of 2 to 2. One at a time, graph each trigonometric function. Describe
the characteristics of each graph, including maximum and minimum values for y and the
period—the horizontal distance after which the graph starts repeating itself. Use what
you know about the definitions of sine, cosine, and tangent to explain any unusual
occurrences. Next, try graphing pairs of trigonometric functions. Describe any
relationships you see between the graphs. Are there any values in common?
Prepare an organized presentation of your results. Your project should include
Clear descriptions and sketches.
Explanations of your findings, using what you know about sine, cosine, and tangent
definitions.
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Consider how the various measurements of a cube are related to the length of an
edge. The following table gives some measurements for the cubes shown above.

You can model these data using functions. For example, the area of a face can be
modeled by the function f (x) = x2, and the surface area can be modeled by the
function g(x) = 6x2, where x is the edge length.
You can use these functions to find values
for any size cube, such as the surface area of
a cube that has an edge length of 20.5. You
substitute the value in for x and evaluate the
function.
f (20.5) = 6(20.5)2 = 2521.5 cm2
You can find points representing the area and
surface area for several edge lengths on the
graphs at right. Graphs of quadratic functions
like these are called parabolas. How are the
graphs of the points different from the graphs
of the functions?
The graph of function g is the same as the graph
of function f, except that it is stretched vertically
by a factor of 6. A vertical stretch (or shrink) is
one type of function transformation.
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You are already familiar with another type of
function transformation from your work
with ordered pair rules and vectors. The rule
(x, y) (x + 2, y 3) results in a translation
by the vector 2, 3 . This rule translates the
graph of cubic function p(x) = x3 to produce
the graph of cubic function q(x) = (x 2)3 3.
In the equation for function q, note that the
horizontal translation is subtracted from x.

In general, if a cubic function is translated by h, k and stretched by a factor of a,
the function can be written like this.

You will be looking at the transformations of these families of functions, including
some of those related to the trigonometry you have been studying in this chapter.
Families of Functions
f(x) = a(x

h) + k

Linear functions

f(x) = a(x

h)2 + k

Quadratic functions

f(x) = a(x

h)3 + k

Cubic functions

f(x) = a|x

h| + k

Absolute-value functions

f(x) = a sin(x

h) + k

Sine functions (one of the trigonometric functions)

Each family has a parent function that is the basic form of the function with
a = 1, h = 0, and k = 0. Other members of a family result from transforming
the parent function.

EXAMPLE
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Solution

Because the graph is a parabola, the parent
function is f (x) = x2. The vertex of the
parent function is (0, 0), while the vertex of
function g is ( 2, 7), so function g has
horizontal translation 2 and vertical
translation 7. The equation so far is
g(x) = a[x ( 2)]2 7, or simplifying the
double negative, g(x) = a(x + 2)2 7.
One method for finding the vertical stretch,
a, is to think about corresponding points on
the two graphs. For any horizontal distance
from the vertex, the corresponding vertical distance from the vertex of graph h
is half that of graph f. So, the vertical stretch is a

Another method for finding a is to substitute one point from the graph
(other than the vertex) into the equation containing the translation, then solve
for a algebraically.
g(x) = a(x + 2)2
5 = a( 4 + 2)
5 = 4a 7

7
2

Equation with translation.

7

Use the point ( 4, 5).
Simplify the parentheses and square.
Add 7 to both sides and divide by 4.

Substitute in the value of a to write the equation for function g.
Function g has a vertical stretch by a factor of
2 units, and a vertical translation down 7 units.

EXERCISES

a horizontal translation left

You will need

1. Sketch the parent function of the linear, quadratic, and cubic function
families. You may use a graphing calculator or software.
2. Absolute value measures the distance from zero, so it is always positive or zero.
For example,
Sketch the parent absolute-value function
the
function
and the function .
Explain the similarities
and differences between the three graphs.
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3. Sketch the graphs
stretch by a factor of 1 transforms a graph.

and

Explain how a vertical

4. Graph the function p(x) = 2(x + 3) 5 using transformations. Simplify the
expression on the right side of the equation and graph it again using the slope and
y-intercept. How is the slope of a line related to the vertical stretch? What is the
value of the y-intercept for the general linear function f (x) = a(x h) + k?
For Exercises 5–8, describe each function as a transformation of its parent function, then
graph the function.
5. f (x) = 2x3

5

6. g(x) = (x

5)3 + 2

7. p(x)

For Exercises 8–16, write the equation of each graph, and describe each function as a
transformation of its parent function.
8.

9.

11.

12.

10.

13.

14. Using the degree mode of your graphing calculator, set your graphing window so
that x-values go from 360 to 360 and y-values go from 2 to 2. Sketch the parent
trigonometric functions p(x) = sin(x) and q(x) = cos(x). Explain the similarities
and differences between the two graphs.
15. What type of function transformation transforms the parent cosine function
into the parent sine function? Find the values of a, h, and k so that the graph
of function q(x) = a cos(x h) + k is identical to the graph of
function p(x) = sin(x).
16. Sketch the graphs p(x) = 2 sin x,
sin x, and r(x) = sin x. How
does changing the vertical stretch of the sine function compare with
other families of functions?
17. Write the equation of this graph and describe the function as a
transformation of the parent sine function.
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In previous explorations, you learned

four forms of valid reasoning: Modus
Ponens (MP), Modus Tollens (MT), the
Law of Syllogism (LS), and the Law of
Contrapositive (LC). You can use these
forms of reasoning to make logical
arguments, or proofs. In this exploration
you will learn the three basic types of
proofs: direct proofs, conditional proofs,
and indirect proofs.
In a direct proof, the given
information or premises are stated,
then valid forms of reasoning are used
to arrive directly at a conclusion. Here
is a direct proof given in two-column
form. In a two-column proof, each
statement in the argument is written in
the left column, and the reason for
each statement is written directly
across in the right column.
Direct Proof
Premises:

P
R

Q
P
Q

Conclusion:
1. P Q
2.
Q
3. P
4. R P
5.
R

R
1.
2.
3.
4.
5.

Premise
Premise
From lines 1 and 2, using MT
Premise
From lines 3 and 4, using MT

A conditional proof is used to prove that a P
Q statement follows from a
set of premises. In a conditional proof, the first part of the conditional statement,
called the antecedent, is assumed to be true. Then logical reasoning is used to
demonstrate that the second part, called the consequent, must also be true.
If this process is successful, it’s demonstrated that if P is true, then Q must be true.
© 2008 Key Curriculum Press
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In other words, a conditional proof shows that the antecedent implies the
consequent. Here is an example.
Conditional Proof
Premises:

P
S

R
R

Conclusion: P
1.
2.
3.
4.
5.

P
P
R
S

S
1.
2.
3.
4.
5.

R
R
S

Assume the antecedent
Premise
From lines 1 and 2, using MP
Premise
From lines 3 and 4, using MT

Assuming P is true, the truth of S is established.
P

S

An indirect proof is a clever approach to proving something. To prove indirectly
that a statement is true, you begin by assuming it is not true. Then you show that
this assumption leads to a contradiction. For example, if you are given a set of
premises and are asked to show that some conclusion P is true, begin by assuming
that the opposite of P, namely P, is true. Then show that this assumption leads to
a contradiction of an earlier statement. If P leads to a contradiction, it must be
false and P must be true. Here is an example.
Indirect Proof
Premises:

R

S
R

P

P
Conclusion: S
1.
S
2. R
S
3.
R
4. R
5. P
6. P

P

1.
2.
3.
4.
5.
6.

Assume the opposite of the conclusion
Premise
From lines 1 and 2, using MT
Premise
From lines 3 and 4, using MP
Premise

But lines 5 and 6 contradict each other. It’s impossible for both P and
to be true.
Therefore,
S

S, the original assumption, is false. If

P

S is false, then S is true.

Many logical arguments can be proved using more than one type of proof. For
instance, you can prove the argument in the example above by using a direct proof.
(Try it!) With practice you will be able to tell which method will work best for a
particular argument.
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Prove It!
Step 1

Copy the direct proof below, including the list of premises and the conclusion.
Provide each missing reason.
Premises:

P
Q
R

Q
R
P

Conclusion:

1.
2.
3.
4.
5.

1. Q
R
2. R
3.
Q
4. P Q
5.
P
Step 2

Copy the conditional proof below, including the list of premises and the
conclusion. Provide each missing statement or reason.
Premises:

R
T
S

R
T

Conclusion: S
1.
2.
3.
4.
5.

S
S
T
T

Q

Q
1.
2.
3. From lines 1 and 2, using
4.
5.
6.
7.

T
R
R

6.

7.

Assuming S is true, the truth of

Step 3

Copy the indirect proof below and at the top of page 682, including the list of
premises and the conclusion. Provide each missing statement or reason.
Premises:

Conclusion:
1.
2.
3.
4.
© 2008 Key Curriculum Press
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P
P
Q
Q

(Q
R

P
Q
Q

(Q

R)
R

P
R)

1. Assume the
2.
3.
4.

of the
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Step 3
(continued)

5. R
6.
7.

5.
6.
7. From lines

and

using

But lines and
contradict each other.
Therefore, P, the assumption, is false.
P
Step 4

Provide the steps and reasons to prove each logical argument. You will need to
decide whether to use a direct, a conditional, or an indirect proof.
a. Premises: P
Q
T
Conclusion: T
c. Premises:

S
P

b. Premises:

Q

S) P
(R
T
Q
T
P
Q
Conclusion: (R
S)

R
R
P

Q
S

d. Premises:

Step 5

Q
P

R P
Q
Conclusion: R

P
R

Conclusion:

S
S

Q
R

Translate each argument into symbolic terms, then prove it is valid.
a. If all wealthy people are happy, then money can buy happiness. If money can
buy happiness, then true love doesn’t exist. But true love exists. Therefore, not
all wealthy people are happy.
b. If Clark is performing at the theater today,
then everyone at the theater has a good
time. If everyone at the theater has a
good time, then Lois is not sad.
Lois is sad. Therefore, Clark is not
performing at the theater today.
c. If Evette is innocent, then Alfa
is telling the truth. If Romeo is
telling the truth, then Alfa is
not telling the truth. If Romeo
is not telling the truth, then he
has something to gain. Romeo
has nothing to gain. Therefore, if
Romeo has nothing to gain, then
Evette is not innocent.
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Trigonometry was first developed by astronomers who wanted to

map the stars. Obviously, it is hard to directly measure the
distances between stars and planets. That created a need for new
methods of indirect measurement. As you’ve seen, you can solve
many indirect measurement problems by using triangles. Using
sine, cosine, and tangent ratios, you can find unknown lengths and
angle measures if you know just a few measures in a right triangle.
You can extend these methods to any triangle using the Law of
Sines or the Law of Cosines.
What’s the least you need to know about a right triangle in order
to find all its measures? What parts of a nonright triangle do you
need to know in order to find the other parts? Describe a situation
in which an angle of elevation or depression can help you find an
unknown height.

EXERCISES

You will need

For Exercises 1–3, use a calculator to find each trigonometric ratio accurate
to four decimal places.
1. sin 57°

2. cos 9°

3. tan 88°

For Exercises 4–6, find each trigonometric ratio.
4. sin A =
cos A =
tan A =

5. sin B =
cos B =
tan B =

6.

For Exercises 7–9, find the measure of each acute angle to the nearest degree.
7. sin A = 0.5447
10. shaded area

© 2008 Key Curriculum Press

8. cos B = 0.0696

9. tan C = 2.9043

11. volume
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12. Application According to the Americans with
Disabilities Act, enacted in 1990, the slope of a
wheelchair ramp must be less than and there must
be a minimum 5-by-5 ft landing for every 2.5 ft of
rise. These dimensions were chosen to accommodate
handicapped people who face physical barriers in
public buildings and at work. An architect has
submitted the orthographic plan shown below. Does
the plan meet the requirements of the act? What will
be the ramp’s angle of ascent?

13. Application A lighthouse is east of a sailboat. The sailboat’s dock is 30 km north of
the lighthouse. The captain measures the angle between the lighthouse and the dock
and finds it to be 35°. How far is the sailboat from the dock?
14. Application An air traffic controller must calculate the angle of descent (the angle of
depression) for an incoming jet. The jet’s crew reports that their land distance is
44 km from the base of the control tower and that the plane is flying at an altitude
of 5.6 km. Find the measure of the angle of descent.
15. Application A new house is 32 feet wide. The rafters will rise at a
36° angle and meet above the center line of the house. Each rafter
also needs to overhang the side of the house by 2 feet. How
long should the carpenter make each rafter?
16. Application During a flood relief effort, a Coast Guard
patrol boat spots a helicopter dropping a package near the
Florida shoreline. Officer Duncan measures the angle of
elevation to the helicopter to be 15°and the distance to the helicopter to be 6800 m.
How far is the patrol boat from the point where the package will land?
17. At an air show, Amelia sees a jet heading south away from her at a 42° angle of
elevation. Twenty seconds later the jet is still moving away from her, heading south
at a 15° angle of elevation. If the jet’s elevation is constantly 6.3 km, how fast is it
flying in kilometers per hour?
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For Exercises 18–23, find each measure to the nearest unit or to the nearest square unit.
ABC is acute.
m A

18. area

19. w

20.

21. x

22. m B

23. area

24. Find the length of the apothem of a regular pentagon with a side measuring 36 cm.
25. Find the area of a triangle formed by two 12 cm radii and a 16 cm chord in a circle.
26. A circle is circumscribed about a regular octagon with a perimeter of 48 cm. Find
the diameter of the circle.
27. A 16 cm chord is drawn in a circle of diameter 24 cm. Find the area of the segment
of the circle.
28. Leslie is paddling his kayak at a bearing of 45°.
In still water his speed would be 13 km/h but
there is a 5 km/h current moving west. What is
the resulting speed and direction of Leslie’s
kayak?
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For Exercises 29–41, identify each statement as true or false. For each false statement,
explain why it is false or sketch a counterexample.
29. An octahedron is a prism that has an octagonal base.
30. If the four angles of one quadrilateral are congruent to the four corresponding
angles of another quadrilateral, then the two quadrilaterals are similar.
31. The three medians of a triangle meet at the centroid.
32. To use the Law of Cosines, you must know three side lengths or two side lengths
and the measure of the included angle.
then the ratio of

33. If the ratio of corresponding sides of two similar polygons is
their areas is
34. The measure of an angle inscribed in a semicircle is always 90°.
35. If

T is an acute angle in a right triangle, then

tangent of
36. If C 2 is the area of the base of a pyramid and C is the height of the pyramid, then
the volume of the pyramid is
37. If two different lines intersect at a point, then the sum of the measures of at least
one pair of vertical angles will be equal to or greater than 180°.
38. If a line cuts two sides of a triangle proportionally, then it is parallel to the third side.
39. If two sides of a triangle measure 6 cm and 8 cm and the angle between the two
sides measures 60°, then the area of the triangle is
40. A nonvertical line
also m.

1

has slope m and is perpendicular to line

2.

The slope of

2

is

41. If two sides of one triangle are proportional to two sides of another triangle, then
the two triangles are similar.
For Exercises 42–53, select the correct answer.
42. The diagonals of a parallelogram
i. Are perpendicular to each other.
ii. Bisect each other.
iii. Form four congruent triangles.
A. i only
B. ii only
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43. What is the formula for the volume of a sphere?
A. V

B. V

C. V

D. V

44. For the triangle at right, what is the measure of L to the nearest degree?
A. 34°
B. 44°
C. 52°
D. Cannot be determined
45. The diagonals of a rhombus
i. Are perpendicular to each other.
ii. Bisect each other.
iii. Form four congruent triangles.
A. i only
B. iii only

C. i and ii

46. The ratio of the surface areas of two similar solids is
volumes of the solids?
A.

B.

D. All of the above

What is the ratio of the

C.

D.

47. A cylinder has height T and base area K. What is the volume of the cylinder?
A. V

B. V

C. V

48. Which of the following is not a similarity shortcut?
A. SSA
B. SSS
C. AA

D. V

D. SAS

49. If a triangle has sides of lengths a, b,and c, and C is the angle opposite the side of
length c,which of these statements must be true?
A. a2 = b2 + c2 2ab cos C
C. c2 = a2 + b2 + 2ab cos C

B. c2 = a2 + b2
D. a2 = b2 + c2

2ab cos C

50. In the drawing at right, WX YZ BC. What is the value of m?
A. 6 ft
B. 8 ft
C. 12 ft
D. 16 ft
51. When a rock is added to a container of water, it raises the water
level by 4 cm. If the container is a rectangular prism with a base
that measures 8 cm by 9 cm, what is the volume of the rock?
A. 4 cm3
C. 36 cm3

B. 32 cm3
D. 288 cm3

52. Which law could you use to find the value of v?
A. Law of Supply and Demand
B. Law of Syllogism
C. Law of Cosines
D. Law of Sines
© 2008 Key Curriculum Press
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53. A 32-foot telephone pole casts a 12-foot shadow at the same time a boy nearby casts
a 1.75-foot shadow. How tall is the boy?
A. 4 ft 8 in.
B. 4 ft 6 in.
C. 5 ft 8 in.
D. 6 ft
Exercises 54–56 are portions of cones. Find the volume of each solid.
54.

55.

56.

57. Each person at a family reunion hugs everyone else exactly once. There were
528 hugs. How many people were at the reunion?
58. Triangle TRI with vertices T( 7, 0), R( 5, 3), and I( 1, 0) is translated by the
rule (x, y) (x+ 2, y 1). Then its image is translated by the rule (x, y)
(x 1, y 2). What single translation is equivalent to the composition of these
two translations?
59.

LMN

PQR. Find w, x, and y.

60. Find x.

61. The diameter of a circle has endpoints (5, 2) and (5, 4). Find the equation of
the circle.
62. Explain why a regular pentagon cannot create
a monohedral tessellation.
63. Archaeologist Ertha Diggs uses a clinometer
to find the height of an ancient temple. She
views the top of the temple with a 37° angle
of elevation. She is standing 130 meters from
the center of the temple’s base, and her eye
is 1.5 meters above the ground. How tall is
the temple?
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2

cm . Find r.

64. In the diagram below, the length of HK is
20 ft. Find the radius of the circle.

65. The shaded area is 10

66. Triangle ABC is isosceles with ABcongruent to BC . Point D is on AC such that
BD is perpendicular to AC. Make a sketch and answer these questions.
m ABD
a. m ABC
b. What can you conclude about BD ?

1. You learned the Law of Sines as

Use algebra to show that

2. Recall that SSA does not determine a triangle. For that
reason, you’ve been asked to find only acute angles using
the Law of Sines. Take another look at a pair of triangles,
AB1C and AB2C, determined by SSA. How is CB1A
related to CB2A? Find m CB1A and m CB2A. Find the
sine of each angle. Find the sines of another pair of angles
that are related in the same way, then complete this
conjecture: For any angle
3. The Law of Cosines is generally stated using C.
c2 = a2 + b2 2ab cos C
State the Law of Cosines in two different ways, using

A and

B.

4. Draw several triangles ABC where C is obtuse. Measure the sides a and b and
angle C. Use the Law of Cosines to calculate the length of side c, then measure side c
and compare these two values. Does the Law of Cosines work for obtuse angles?
What happens to the value of the term 2ab cos C when C is obtuse?
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5. Developing Proof Derive the Law of Cosines for an obtuse triangle,
using the diagram at right.

6. Is there a relationship between the measure
of the central angle of a sector of a circle
and the angle at the vertex of the right
cone formed when rolled up?

7. Developing Proof Pick any measure of A and find the value of the expression
(sin A)2 + (cos A)2. Repeat for other measures of A and make a conjecture. Then
write ratios for sin A and cos A, using the diagram at right, and substitute these
ratios into the expression above. Simplify, using algebra and the Pythagorean
Theorem, to prove your conjecture.

UPDATE YOUR PORTFOLIO Choose a real-world indirect measurement problem that
uses trigonometry, and add it to your portfolio. Describe the problem, explain how
you solved it, and explain why you chose it for your portfolio.
ORGANIZE YOUR NOTEBOOK Make sure your notebook is complete and well
organized. Write a one-page chapter summary. Reviewing your notes and solving
sample test items are good ways to prepare for chapter tests.
GIVE A PRESENTATION Demonstrate how to use an angle-measuring device to
make indirect measurements of actual objects. Use appropriate visual aids.
WRITE IN YOUR JOURNAL The last five chapters have had a strong problem-solving
focus. What do you see as your strengths and weaknesses as a problem solver? In
what ways have you improved? In what areas could you improve or use more help?
Has your attitude toward problem solving changed since you began this course?
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